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Abstract-In this article, we propose the new Fuzzy Runge Kutta method of order four meant for Fuzzy multiple
retarded delay differential equations and check whether the same method can be applied to solve Fuzzy pure
multiple retarded delay differential equations. A numerical example with graphical illustrations is presented to

verify the theory.

Index Terms-Pure Delay, Multiple Delay, Fuzzy Delay Differential Equations, Numerical Solution, Runge-Kuta

Method.

1. INTRODUCTION

In modern Engineering and Technology,
numerical methods play a vital role in evolution of
problems involving power transmission, circuit design
and analysis. Also in nature the role of numerical
solutions is very useful since cyclone, rain or any
natural predictions are always approximate in their
accuracy with some error. The study of carbon dating
is followed in any forensic research, DNA test to find
similarities in genetic issues, and in almost all the
fields of Genetic Engineering, medical science, etc.,
the role of numerical solutions is very important. In
such a manner in this article we adopt numerical
solution of fuzzy multiple retarded delay differential
equations. Alfredo Bellen and Marino Zennaro studied
numerical methods for delay differential equations in
detail.[2]. S. Abbasbandy and T. Allahviranloo
discussed numerical solution of fuzzy differential
equation by Runge-Kutta method [1]. Guang Da Hu,
Guang Di Hu and S. A Meguid discussed on Stability
of Runge-Kutta methods for delay differential systems
with multiple delays [4]. Baruh Cahlon and Darrell
Schmidt analyzed the stability of systems of delay
differential equations [3]. T. Jayakumar, A. Parivallal
and D. Prasantha Bharathi solved fuzzy delay
differential equations numerically by Runge-Kutta
method [5]. In section 2, we present the concept of
fuzzy multiple retarded delay differential equations, In
section 3, we explain fuzzy pure multiple retarded
delay differential equations. In section 4, we propose
Runge —Kutta method of order four for solving fuzzy

multiple retarded delay differential equations. In
Section 5 a numerical example is studied to test the
theory and the graphical illustrations are presented.
We conclude the study of this paper in section 6.

2. FUzZzY MULTIPLE RETARDED DELAY
DIFFERENTIAL EQUATIONS (FMRDDE):
Let us consider the Initial value problem in
ordinary differential equations,
{y'(t) = f(ty®)
Y(O) = Yo

@

where f :[0,00)x R — R Is continuous. We would

like to interpret (1) using Seikkala’s derivative and

1 (04 o _a )
Yo € EVLet [y 1% =[y“ (), y* (t)]- By Zadehs
extension principle, we get t :[0,00) x E* —> EZ,
where ,

[f(t, y)I% = [min{f (tu):u e [y* (0, y* O

max{ f (t,u) 1u e [y” ©),y* OINQ)

So from (2), the (1) became fuzzy differential
equation. The concept of uncertainty and randomness
arises whenever we deal with natural parameters so
fuzzy is adopted in modeling any physical problems.
Differential equations just used to study the rate of
change but it is not possible to know when and how
does the change occurred by ordinary differential
equations.
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So we adopt delay differential equation.. In delay
differential equation we are evaluating the past with
the present data. In nature, Let us consider a simple
problem of life expectancy as an example, Life span
depend upon so many management parameters like
life style, mental stress, Allergy, chronic diseases ,
body cholesterol, Body Mass Index(BMI), etc.,. Each
of these parameters produces rate of change in
Expected life span but uncertainty is different people
having same diseases, life style are not supposed to
have same life span. Time is very important
parameter then, because above people maybe at
different ages. In such case multiple delay differential
equations play a important role. The mathematical
structure of multiple retarded delay differential
equations is given by

Y () = £t YO, Y(t - 71), Yt - 7).

aaY(t-70)) tg sts<ty
Y0 = (9 rststy
y(tg) = 4(tg)
©)
Similar to that of (2), (3) follows as

f:[0,0)xRxRx...xR—>R
which is continuous and

[ (&, u(t), u(t - 7). U(t - 7)o Ut - 7 )] =

[min{ f (t,u(t), u(t - z’l), u(t - 1'2),..., ut-7p)):
u® ly® ., y% 1,
ut-r) ely® (t-79). y* t- ol

W(t-rn) ely® (t-n) y* (- )L}
max{ f (t,u(t), u(t - rl), u(t - 12) ..... utt-zpn))):

u® ely® ©.y* O],
ut-) ely? (t-0), y* t- )l

W(t-n) ely® - r0), y* (- 70 N

4)
3. FUZZY PURE MULTIPLE RETARDED
DELAY DIFFERENTIAL EQUATION:
(FPMRDDE)

The Pure Multiple retarded delay arises as
special case of delay differential equation. The

equation is so called because there is no y(t) and the
derivatives involving delay terms [3]. Such a system
is given by

YO = fEYE- 7)Yt 7)Yl 7)) tg Sty

(O = ¢(1) -T<t<t,
Y(tg) = 4(tg) =g
Q)
From (5), it follows that
f :[0,0)xRxRx..xR—>R which is

continuous and
[min{f(t, ut-7q),...ut-7p))):

ut-7p) e Iy® - )y (t- 7)o
[F(Ly(t-rp)

e Y(t- T N1Y =
max{ f (t, u(t - 11),...,u(t -7p))):

ut-7p) e [y® - ),y (t- )l

u(t-p) ely® (t- 1) y* (t- 7n DM

The FPMRDDE all the properties, definitions and
tests, etc., of delay differential equations. Because of
its initial value will be same as that of Retarded delay
differential equations (1). The purpose of studying
pure retarded delay differential equations is it directly
gives the result of past state without the solution of
present state.

4. FOURTH ORDER FUZZY RUNGE-KUTTA
METHOD - (FRK-4)

In this section, for a fuzzy multiple retarded
delay differential equation (1), we develop the fourth
order Runge-Kutta method for multiple delay

f(ty@®), yt—2) yt—7,)...y(t—z,)by an
application of Runge-Kutta method for fuzzy
differential equation when f in (1) can be obtained via
the Zadeh extension principle from.
f eC[R" xRx..xR,R]. we are using Runge-

Kutta method for multiple delay to solve the system
of the differential equation because of its stability was
already discussed by Guang DaHu, Gurang Di Hu and
S.A. Meguid [4]. We assume that the existence and

uniqueness of solutions of (1) hold for each [tk,tk+1]-

The following method is the extension of [5]. The
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Runge Kutta
approximation of Y, (t,a) and Y, (t,a).
We define

Y(tia) -yt a) = ZW it Yt @),

i=1

y(tn+1; 0!) - y(tn ; O{) = Zwi K i (tn’ y(tn : a))

where W, W, 0 W, and w, are constants and

K, (& y(t; @) = minf{hg(t, y(t),
y(t—7,), Y(t—7,))|
y(t) €[yt ), Yt )],
y(t-7,) elylte, — i), ylt,, -
yt-7,) elylte, —700). Y, — 72 )1}
Ku(t; y(t; o) = maxghg t, y(t),
yt—7,) y(t—7,))]
y@) €[yt i), Yty ;)]
yt-1,)elylt,, —7;0), y(t,, -
y(t-r,)elgt,, - r:a).4(t,, - 7:2)]}
Ko y(6 ) = mingh(t+ . y(0),
yt—7,) y(t—7,))]
y() €2y (o Yt ns @), 23t Yt s )],
y(t—7) elz,(t, — 70, Yt — 710 0)),
21(ty 71, Y(ten — 715 @)
yt-z,)elz,(t,, — 70, Yy, — 7,5 0)),
21ty — 7y Yty — 7hs )]}
Ka(:9(6 00) = maxhg e+ 2, ),
yt—7,) y(t—7,))]
Y() €2y (o Yt s @), 23t Yt ns )],
y(t—7) elz,(t, — 70, Yt — 710 0)),
21(t, — 70, Yty — 75 )]s
y(t—7,) elz,(t, — 7, Yt — 703 2)),
21t — 700 Yt — 70i )]}

method is the fourth order

Ko y(t @) = minghg (e + 0. y(),
y(t—7,) Yt —7,))|
y(t) € [Zz (tk,n ! X(tk,n , a)), 22 (tk,n ! y(tk,n : 0())],
y(t— 71) S [Zz(tk n o Y(tk n Tl.a))
Ez(tkn 2-1 y(tkn
Y(t—Tn)E[Zz(tkn Th y(tkn Tn,(l)),
2o(te, = 7o, Yt — 701 )1}
Ka(t;y(t ) = maxhg(t+ 2. (),
y(t—17,), y(t—7,))]
y(t) € [ZZ (tk,n ’ X(tk,n , 0!)), 22 (tk,n ! y(tk,n , 0{))],
y(t - z-1) € [ZZ (tk,n -7, X(tk,n — T Ol)),
Zo(ty, =71, Y(tw — 75 @)
y(t - Z-n) € [ZZ (tk,n - T!X(tk,n —Tn a)),
Zo(tyy 7o Y(ten — 70; )1}
K. (64(t @) = minghg (e + 7. y(0),
y(t —r),...,_y(t —T)_)l
y(t) € [Zz (tk,n ’ X(tk,n ; a))v Z3 (tk,n ’ y(tk,n ; 0[))],
y(t - Tl) € [ZS (tk,n - Tli?(tk,n -7y, (Z)),
25 (ty, — 71, Bty — 713 0))] s
y(t - Tn) € [Zs (tk,n —Ths ?(tk,n —Th, 0[)),
25 (ty, — 700 Bt — 7 )]}
K y(t ) =maxdhg(t+2, y00)
y(t—17),. Yt —17,)]
Y() €25 (s Yo @) 25 Wy Y i )],
yt—7,)elz,(t,, — TliX(tk,n - 17,;,a)),
E3(tk,n - Z-11§/(tk,n — Ty a))l,..
y(t - Z-n) € [Z3 (tk,n —Ths X(tk,n —Tn 0{)),
~Ths )_/(tk,n —Ths a))]}

Es(tk’n
Next we define,
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21 o Yt i) = Y(ty pia) +
1
Eﬁl(tk,n Yty i),
21ty Yt i) = V(G i) +
1i —
K1l Vit i)
22t n Yt i) =Yty pra) +
1
EKZ (tk,n ’X(tk,n;a))'
22ty o Vlt i @) = Yl i) +
1i —
E K 2 (tk,n ' y(tk,nla))v
23(ty . Y(ty pr @) = Yty qra) +
1
Eﬁ3(tk,n'X(tk,n;a))’
23(t o Ylty i @) = Yl i) +
li —
EK3(tk,n,y(tk,n;a)),
Then we define
PIt, y(t o), y(t;a)] = K1 (L y(t @) +
2K2 (G y(ta)) +2K3 (L y(t @) +
K4t y(t o)),
Q(t, y(t; @), y(t; @)] = K1(t; y(t; @) +

2K 2 (t; y(t; @) + 2K 3(t; y(t; @) +

Ka(ty(ta)).
The approximate solution (3) is given by

Y(thia) =Yty a) + Yty —71a) +

1
S P(th, y(tn; @),y G a)],

Y@ =ytna) + yty -~y + O

%Q[(tn'Y(tha),Yn(t;a))]

The approximate solution (5) is given by

Yt o) = Yty —t2) +

1
A Pty y(tn: @), ¥, ()],

y(t o) = Yty —t2) +

%Q[(tn , g(tn L), ;n (t; )]

()
NUMERICAL EXAMPLE
In this section we apply the FRK-4 of FMRDDE to
FPMRDDE.
Consider the following fuzzy pure multiple retarded
delay differential equation

y'(t;¢) = (0.75 + 0.25¢x)

y(t -1+ y(t-2)+y(t-3),
(1.125 — 0.125¢)

yt-D+yt-2)+y(t-3), 0<t<5

y(t: @) = (0.75 + 0.25a)t 2
(1.125 — 0.125a)t, _3<t<0
(8)

The exact solution is given by
Y (t; ) = (0.75 + 0.25x)Y (t),
(1.125-0.125a)Y(t), 0<t<5 0<a <1
)
where,

t2, (t <0)

2 .3

14t —6t° +1t°, (0<t<1)

1/12(115 - 96t + 114t 2

3

_oat3 1 3t?), l<t<?2)

1/60(1839 — 1280t — 270t 2 +

Yty =4 1403 —354t* +3t°),  (2<t<3)

1/120(1650 + 2012t — 1545t 2 +

320t3 + 5514 —14t° +1%) 3 <t < 2)

1/2520(—871015 + 620172t —

120477t — 280t° +1995t*

r168° —40t® +3t)  (4<t<H)
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The exact solution (9) and the approximate solution
obtained by using above FRK-4 method is given in
Table:2 and in Table 1 respectively and plotted in

Figure:1 and 2.

Table:1
Approximate Values of
FPMRDDE.

Approximate value

y(ta)

y(ta)

126.055060427564

189.082590641346

0.1

130.256895775150

186.981672967553

0.2

134.458731122735

184.880755293761

0.3

138.660566470320

182.779837619968

0.4

142.862401817906

180.678919946175

0.5

147.064237165491

178.578002272382

0.6

151.266072513077

176.477084598590

0.7

155.467907860662

174.376166924797

0.8

159.669743208248

172.275249251004

0.9

163.871578555833

170.174331577211

1.0

168.073413903419

168.073413903419

Table:2
Exact Value of FPMRDDE.

Exact value

Y (@)

Y(t,a)

126.055059523810

189.082589285714

0.1

130.256894841270

186.981671626984

0.2

134.458730158730

184.880753968254

0.3

138.660565476190

182.779836309524

0.4

142.862400793651

180.678918650794

0.5

147.064236111111

178.578000992064

0.6

151.266071428571

176.477083333333

0.7

155.467906746032

174.376165674603

0.8

159.669742063492

172.275248015873

0.9

163.871577380952

170.174330357143

1.0

168.073412698413

168.073412698413

Approximate and Exact Value of FPMRDDE.

1

09F
08t - Exact
ikd® o RK-4
06|
=05+
041
03
02f
01
EII2CI 1éEI 11|10 15|D 1BID 17|’U 1é0 190

Figure:l Fora¢ € [0,1],t =5

Approximate and Exact Value of FPMRDDE

Figure:2 For a € [0,1],t € [0, 5]

5. CONCLUSION

In this article, we have developed numerical solution
of Fuzzy multiple retarded delay differential equations
and we applied the same method to solve Fuzzy Pure
multiple retarded delay differential equations. The
approximate solution coincides with the exact
solutions as shown in the figurel and in figure 2. Thus
the Fuzzy Runge-Kutta method of order four holds
good to solve any kind of multiple retarded delay
differential equations as well as Fuzzy Pure Multiple
retarded delay differential equations. So it can be
implemented to any such pure multiple retarded delay
differential equations modeling physical problems or
the replica of the problems also. From the Table:1 the
accuracy of the method is about four decimal places.
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